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A mathematically related singularity and
the maximum size of protein domains
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ABSTRACT

In a paper titled “A topologi-
cally related singularity sug-
gests a maximum preferred size
for protein domains” (Zbilut
et al, Proteins 2007;66:621—
629), Zbilut et al. claim to have
found a singularity in certain
geometrical properties of pro-
tein structures, and suggest
that this singularity may limit
the maximum size of protein
domains. They find further
support for the singularity in
their analysis of G-factors cal-
culated by the PROCHECK
program. Here, we show that
the claimed singularity is a
mathematical artifact with no
physical meaning, and we
reanalyze the G-factors to show
that Zbilut et al’s results are
due to a single outlier in the
data. Thus, the existence of an
actual singularity in the topo-
logical properties of proteins is
not supported by the findings
of Zbilut et al.
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In the February 15, 2007, issue of Proteins, Zbilut et al. published a paper titled “A
topologically related singularity suggests a maximum preferred size for protein
domains.”! In the paper, the authors examine the scaling of certain geometrical proper-
ties of protein structures with the length of protein chains, and claim to have found a
singularity which could explain why the size of protein domains is limited to about
250-300 residues.

However, a closer examination of what Zbilut et al. calculate shows that the singular-
ity they find is nothing but a mathematical artifact.

First, the authors introduce a quantity named REC3D or p, which is the number of
actual Ca-Ca contacts divided by the maximum possible number of contacts. Mathe-
matically, it is equal to 2C/N?, where C is the number of Ca pairs closer than 6 A
(pairs closer than four positions along the sequence are excluded) and N is the chain
length. Although Zbilut et al. state that REC3D is essentially equivalent to the quantity
p defined by Chan and Dill,2 there is a major difference between REC3D and Dill’s p
because when calculating the possible number of contacts, Chan and Dill took the
excluded volume effect into account while Zbilut et al. take the possible number of
contacts to be N*/2, which corresponds to a state where every Ca atom is forced to-
gether into a sphere with a 6 A diameter. In fact, the maximum possible number of
contacts scales with N rather than N?, see for example Eqs. (8.3)—(8.5) in Chan and
Dill.3 In globular proteins, the number of contacts per residue is approximately con-
stant for residues in the core and smaller for residues at the surface. Therefore, the scal-
ing of C/N is determined by the surface to volume ratio: it slowly increases with N,
becoming flat at longer chain lengths [see e.g. Eq. (8) and Fig. 3, top left in Bastolla
and Demetrius?]. Thus, it is not surprising that the shape of the REC3D (=2C/N?) ver-
sus N curve is dominated by the shape of the 1/N function (Fig. 1 in Zbilut et al.).
Thus, the overall shape of this function essentially just reflects the shape of 1/N versus
N, and is not a reflection of any intrinsic topological property of proteins.

By definition, p = REC3D must be between 0 and 1. However, in Figure 1 in Zbilut
et al., which shows p versus N, the vertical axis is scaled from 0 to 6. No explanation is
given in the paper; only after recalculating the p values for a few proteins can the
reader find out the reason: the authors multiplied the value of p by 100, that is, they
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A Mathematically Related Singularity
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Figure 1

The functions involved in Zbilut et al’s calculations, plotted versus the chain
length N. The following approximations were used to plot the functions: log(SV)
= log(10.5N); p = 84N 7% log(p) = log(84N*7°). The function log(SV)/
log(p) was divided by 2000 to bring it into the plot area. Note that p is
expressed in percentages. At N = 8477 = 273, the value of p is 1%, therefore
its logarithm is zero. This results in the singular behavior of log(SV)/log(p) at
N = 273.

expressed p as a percentage. The curve fitting [Eq. (2) in
the paper] was also done using 100p instead of p. Inter-
estingly, this choice, that is using 100p instead of p, com-
bined with the mathematical transformations the authors
apply later, leads to the appearance of the singularity the
authors noticed.

The paper starts discussing the ratio of the “surface
volume” to p. The “surface volume” SV is the volume
enclosed by the molecular surface of the protein, exclud-
ing cavities,5 and it increases monotonically with N; the
relationship is linear,® a good approximation being SV ~
10.5N when SV is measured in A, (Note: the “protein
length” used by Zbilut et al. to calculate SV is not the
number of residues but the geometric size of the pro-
tein.”) Figure 2 in the paper is supposed to show the
ratio SV/p versus the chain length, and it displays a curve
with an obvious divergent region, that is, a singularity
near a chain length of 274. However, on closer examina-
tion of Zbilut et al’s Figure 2, it turns out that it is not
SV/p that is plotted but log(SV)/log(p), which is an
entirely different quantity. Now, the origin of the “singu-
larity” is easy to see; see Figure 1 in this article for a
schematic representation of the functions involved. p was
expressed in percentages, and drops from about 6% to
about 0.3% as chain length increases, crossing the value
of 1% at a length of 274. Consequently, its logarithm
crosses zero at the same length. When log(SV) is divided
by log(p), an obvious “singularity” arises at length 274,
because of the division by zero, and, not surprisingly, a
function shape reminiscent of flx) = —1/x appears.
However, this singularity simply arises due to the fact

that p was expressed in percentages before its logarithm
was taken, and then this quantity was used as a denomi-
nator of a fraction. This procedure creates a singularity
at the chain length where the number of contacts, C, is
1% of the number of possible contacts (which was taken
to be N*/2 in the authors’ treatment). Clearly, this singu-
larity is nothing but a mathematical artifact created by
the inappropriate mathematical transformations applied
to the data. By changing the “unit” of p, the singularity
can be moved anywhere on the horizontal axis of the
plot; it even disappears completely when the original,
unscaled p is used. Thus, the quantity log(SV)/log(p) is
not physically meaningful because it depends on the scal-
ing of p, which can be arbitrarily chosen. The fact that
expressing p as a percentage results in a singularity at
length 274, a reasonably-looking size for a protein do-
main, is just a coincidence. If one would plot the quan-
tity SV/p, which the paper actually writes about, no
singularity would be seen.

Thus, the singularity the authors found has no physical
meaning and is not a reflection of protein topological
properties. Next, however, the authors set out to find fur-
ther signs of the singularity. The main supporting evi-
dence comes from an analysis of G-factors, calculated by
the PROCHECK program.® It should be noted that the
purpose of the PROCHECK program is the evaluation of
protein structure quality, and the G-factors primarily
reflect the experimental errors rather than the intrinsic
geometric or topological properties of proteins. The
authors divide their protein set into three groups: group
1 includes proteins shorter than 180 residues, group 2
contains those with lengths 180 to 320, and group 3
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Figure 2

Overall average G-factors, calculated by the PROCHECK program, plotted as a
function of chain length, for the 1979 protein structures taken from the
supplementary material to Zbilut et al.l Vertical lines at lengths 180 and 320
indicate the boundaries of the three groups Zbilut et al. defined. The single
outlier in the data set is labeled “2CBE.” The gray rectangles enclose the data
points corresponding to multiple poor-quality structures of human dihydrofolate
reductase (length: 186) and L. casei thymidylate synthase (length: 316).

proTEINS 2087



A. Szilagyi

includes those longer than 320 residues. They then show
that the average overall G-factor of structures in group 2
is lower, and its variance is greater, than that of the other
two groups. However, a reanalysis of the actual data (see
Fig. 2) shows that most of the difference between the
variances is due to a single outlier in group 2, namely,
the PDB structure 2CBE, which has a resolution of 3.1 A,
and is of very poor quality (overall G-factor —4.28). The
mean G-factors are 0.057, 0.032, and 0.067, with stand-
ard deviations 0.28, 0.34, and 0.29 in groups 1, 2, and 3,
respectively. When the single outlier is removed from
group 2, the mean G-factor increases to 0.039 and the
standard deviation drops to 0.3, which no longer differs
significantly from that of the other two groups. In addi-
tion, because Zbilut et al. took no precautions to elimi-
nate redundancies in the data set, there are two proteins
in group 2 with multiple poor-quality structures: human
dihydrofolate reductase (length: 186; PDB entries 10HK,
10HJ, 1HFR, 1HFQ, and 1HFP) and thymidylate syn-
thase from Lactobacillus casei (length: 316; PDB entries
1LCB, 1VZD, 1VZC, 1LCE, 1LCA, 1VZA, 1VZB, and
IVZE). These structures come from related experiments
and contain similar stereochemical errors. Just keeping
one representative in each of these two groups of struc-
tures (and removing the rest) increases the mean G-fac-
tor in group 2 to 0.057 and lowers the standard deviation
to 0.26. Group 2 is then completely indistinguishable
from the other two groups on the basis of G-factors.
Therefore, the result of Zbilut et al’s G-factor analysis is
not robust against outliers (it essentially hinges on a sin-
gle outlier), and the reanalysis does not support the hy-
pothesis that topological protein properties show any
divergence or singularity in the 180-320 length range.
The remaining findings in Zbilut et al’s paper do not
support the “singularity” hypothesis either; any change
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we see is just a smooth, continuous change; no sign of
any divergent behavior appears.

Why the size of protein domains tends to be limited
to about 300 residues (although this is not a hard limit;
several known domains, for example pyruvate formate
lyase, are of over 700 residues long) is an intriguing
question. The answer may lie in the physics underlying
the stability of proteins or the mechanisms of protein
folding, but evolutionary reasons, and the role of
domains as functional modules may also play a role.
Although Zbilut et al’s suggestion about a topologically
related singularity may not hold water, further research
into the problem is certainly justified.

ACKNOWLEDGMENTS

Andras Szilagyi was supported by a Bolyai Janos
fellowship. The author wishes to thank Professor Péter
Zavodszky for advice and support, and Zsuzsanna Dosz-
tanyi, Gergely Gyimesi, Balint Mészaros, and Daniel
Gyorfty for helpful discussions.

REFERENCES

1. Zbilut JP, Chua GH, Krishnan A, Bossa C, Rother K, Webber CL]J,
Giuliani A. A topologically related singularity suggests a maximum
preferred size for protein domains. Proteins 2007;66:621-629.

2. Chan HS, Dill KA. Compact polymers. Macromolecules 1989;22:
4559-4573.

3. Chan HS, Dill KA. The effects of internal constraints on the config-
urations of chain molecules. ] Chem Phys 1990;92:3118-3135.

4. Bastolla U, Demetrius L. Stability constraints and protein evolution:
the role of chain length, composition and disulfide bonds. Protein
Eng Des Sel 2005;18:405-415.

5. Liang J, Dill KA. Are proteins well-packed? Biophys J 2001;81:751-766.

6. Laskowski RA, McArthur MW, Moss DS, Thornton JM. PRO-
CHECK: a program to check the stereochemical quality of protein
structures. ] Appl Crystallogr 1993;26:283-291.



